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Cross sections for e-He(21L) scattering have been calculated in the energy range 1 ^ E  eV. 
For I > 0 partial cross sections a simple analytical method, proposed by the authors before, which 
is essentially an extension of Seaton's exact resonance method, has been applied. In the case 
1 =  0, when a complex "angular momentum quantum number" in the rotated space appears, a 
matching procedure has been adopted, making use of a more realistic model potential.

The results for Q(21S-21S), ^ (21S-21P) and Q(21 P-2*P) cross sections are compared with 
other theoretical calculations and in the case of the elastic Q(21S-21S) cross section with the 
available experimental data as well.

The applicability of the analytical method used in the electron-atom scattering calculations 
is discussed, in particular for those processes which play a dominant role in the Stark broaden­
ing of spectral lines from plasmas. Finally, the relevance of the present method to searching for 
an eventual resonant (or virtual) state near 2XS threshold has been discussed.

I. Introduction

Electron-atom collision processes have been the 
subject of extensive experimental and theoretical 
studies, owing to their utmost importance in many 
physical systems, in particular in not too high tem­
perature plasmas. However, even in the case of e-H 
scattering, an exact analytical treatment of the 
complete collision phenomenon is beyond our pre­
sent mathematical capabilities, and a number of 
semianalytical, approximate methods have been de­
veloped (see e.g. Drukarev [1]). Employing refined 
numerical procedures, many of these methods are 
capable to provide accurate cross sections for vari­
ous processes (see e. g. Burke and Seaton [2]), usually 
at the expense of a considerable computing time 
consumed. On the other hand, in some applications 
scattering matrix elements (or the corresponding 
cross sections) of moderate accuracy, but in simple 
analytical form are needed, as is the case with the 
quantum theory of Stark broadening (Baranger [3]). 
In particular, in the expression for the halfwidth 
and shift of an isolated nonhydrogenic line one en­
counters the quantity 

I  -  Si Sr  i ,

where $*(/> are the scattering matrix (diagonal) 
elements, for the elastic scattering on the initial 
(final) state of the transition. Since at low impact 
energies (these are usually met in plasmas where

Reprint requests to Dr. P. Grujic, Institute of Physics, 
P. 0. Box 57, 11001 Belgrade, Yugoslavia.

neutral species are still present) coupling with other 
atomic states are important (see e.g. Barnes and 
Peach [4]), second and higher order processes, like 
i ->i, i -> i"  — etc., make considerable 
contributions to S^f) [5].

One of the most powerful low-energy approxima­
tions for treating electron-atom (ion) scattering is 
the close coupling equations method. Within this 
approximation, the only analytically completely 
tractable case, to our knowledge, has been the di- 
pole exact resonance model, due to Seaton [5], which 
applies to the hydrogen (degenerate) target. The 
principal shortcoming of the original Seaton treat­
ment seemed to be (besides the neglect of the ex­
change) an appearance of complex "angular momen­
tum quantum numbers" in the rotated functional 
space, since these seemed to prevent a proper choice 
of the scattering wave functions (Mott and Mas- 
sey [6]). However, as has been shown, a physical 
significance can be attached to these complex num­
bers, which indicate the presence of bound states in 
corresponding channels. Böttcher [7], in treating 
n n +  1 transition cross sections for e-H scatter­
ing, has extensively used this peculiar feature of 
the degenerate channel scattering. In a previous 
work (Grujic and Koledin [8]), to be refered to as I, 
we have extended this method to the nondegenerate 
case, both for real and complex values of the 
"rotated space" angular momentum quantum num­
bers A. This procedure has been applied to the study 
of e-He(21L) low-energy scattering, in order to ex­
amine the accuracy of the approximation proposed.
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In the next section we quote some of the relevant 
formulae from I  and give an outline of the additional 
features of the procedure employed. In the third 
section results for the cross sections Q(21S-21S), 

21P-21P) and Q;(21S-21P) are presented and 
then compared with other data and discussed in 
the final, fourth section.

II. Analytical Method

11.1. Coupled Equations
We start from the set of integro-differential equa­

tions for the radial part of the scattering wave func­
tions, in matrix form (Percival and Seaton [9]) 
(atomic units are used, except when otherwise 
stated):

=  [2 f(r)  +  2 tT (r)]^(r), (1)

where all operators on the left-hand side are in the 
form of diagonal matrices, fi(r) is a vector column, 
whose components represent solutions in a partic­
ular scattering channel and V and W are direct and 
exchange potential matrices, respectively. The im­
pact energy matrix R 2 is given by

R 2 =  \\ki2di}\\, \ k i2 +  ei =  E , (2)

where et is the energy of the target in the state y>i, 
E is the total energy of the electron-atom system, 
and the channel index i stands for n liS ih . Equa­
tion (1) is, of course, impossible to solve in its com­
plete form and one is forced to simplify the real 
collision model. Besides dealing only with the most 
important channels (close coupling approximation), 
the usual procedure is to expand the potentials V 
and W into multipole series and then retain only the 
most important, tractable terms. Further, since we 
shall neglect the exchange of electrons, it is a reason­
able approximation to confine oneself to singlet 
states of the target.

11.2. The Interaction Potential
Multipole components of the direct interaction poten­
tial for e-He are given by (see Burke et al. [10])

Vi] =  i{ y o (P rsPTs; r)A{PnhP n.w)

■ öhwdhh'ößo +  f v ih h h 'h '; L)
■ A (PH iTs) yß (Pnh Pn-w ;»•)}. (3)

where and A are defined in [9]. Further, we
divide the space around the target into two parts.

(a) E x te rn a l  region. This part of r-space is de­
fined by the asymptotic form of ^ (^  =  1)

Vii(r) =  \\vi]( l - d i}) r-2\\, r > r 0, (4)

where ro is determined both by (4) and by the 
requirements that both V ([x 4= 1) and W terms may 
be neglected in (1) (Grujic and Koledin [11]).

(b) In te rn a l  region. Here, we approximate ac­
tual potential matrix elements from (3), for all pos­
sible /^-values, by

Vi] (r) =  at] rb" exp (— c« r ) , i + j  (5)

and introduce diagonal elements of the form
Vu (r) =  pi r~2, (6)

which represent well the actual direct potential in 
this region of r. These last elements are negligible 
compared with centrifugal term when ^ (^ 2 + 1 )^ 2 .

I I .3. Solving Eq. (1)
In the absence of a general method for solving (1) 

we adopt several procedures, each suited for a par­
ticular region of r and 12 variables.

(i) In te rn a l  region. Here, we have Pi^>r2Vi] 
in case of fa =  0, and 2̂(̂ 2 +  1) f2 Fy in case of 
lz> 0 , where Fy is given by (5). If we define an 
operator Q{K, 12) by the left-hand side of (1), we 
obtain the zero-order solution from

Q(K,h)PW (r) =  0 (7)

and, in a distorted-wave approximation manner, 
obtain the first order correction flw  by solving

Q {K ,h)PW {r)=?PW {r). (8)

This is accomplished by Lagrange's method of vari­
ation of constants (see Appendix). (The same pro­
cedure would give satisfactory results in the asymp­
totic region, too, provided that

h{h +  l ) > \v i j \ ,  »=H ,

where %  are defined in (4).)

(ii) E x te rn a l  region. We employ the asymptotic 
form of the potential, as given by (4). If a unitary 
matrix [5] satisfies

Ü+{l2(h +  1) -  Vi]} Ü =  +  1) (9)
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then the S matrix can be evaluated, as shown in I,
by
S =  £1/2 exp ( i„ l2) Ü exp ( -  i 71 A)ü+ (io)

for those I2 >  I20, for which Xj in the diagonal ma­
trix A are real numbers. For l2 ^  I20, Xj are complex 
numbers and one can calculate the S matrix ele­
ments (Eq. (14) in I), but they depend on the en­
ergy of the lowest lying bound state in the cor­
responding dipole potential Vy (see e.g. Chen [12]), 
which in our case is not known. Besides, since for 
small 12 values the internal region is important, and 
there Vy deviate considerably from their asymptotic 
form, we calculate the corresponding § matrix ele­
ments by a matching procedure, without making 
use of (14) from I.

The energy range of the applicability of (10) is 
defined by the following requirements (see Ref. I):

\k2 +  A'ii\> A 'i; ,  i (11)

where the elements of the energy matrices A' and 
A" are defined as

U+K2U =  W  +  A' +  A", (12)
(A' — diagonal, A" — off-diagonal).

As we shall see in the next section, condition (11)' 
together with the adopted approximation kr 1 
(see Appendix) confines the energy range of the 
applicability of (10) to a rather narrow interval 
above the n =  2 energy sublevels of the singlet 
metastable state of He.

III. Calculations and Results

The helium states considered here generate four 
scattering channels (see Table 1), but the channel 
labeled 4 does not contribute to the calculated cross 
sections, within the approximation adopted. Name­
ly, as can be seen from (3), the leading term in the 
odd parity subspace, in the outer region, is the 
quadrupole potential

/2(1L1L; L)Zl [Pi^PTs)

Table 1. The scattering channels for the e-He(21L) system 
(I-total angular momentum quantum number).

Vu(r)

J P |p(r)r2dr, h  =  - \ . (4')

Of course, one could easily solve the corresponding 
differential equation from (1), with F44(r), numer­
ically (single-channel case), but it would not be in 
the spirit of our essentially analytical approach, 
which pertains strictly to the dipole approximation.

Channel Atomic Impact Parity n
State Electron

1 (ls2s)1S I ( -1 ) '
2 (ls2p)iP l - l ( - l ) t
3 (ls2p)1P l + l ( - l ) i
4 (ls2p)iP I ( -  1)I+1

In calculating the asymptotic potential matrix V, 
according to (3), atomic functions due to Burke and 
Robb [13], based on the Hartree-Fock approxima­
tion, have been used. Numerical results for the diag­
onal matrix a = A (A +  1) are shown in Table 2, for 
the first six values of I. As can be seen in Table 2, 
all matrix elements, except for I =  0, are greater than 
— 0.25, and consequently, only for l =  0 a  complex 
A appears. This seems to be in accordance with 
findings in [10], where calculations of the 2S phase 
shift indicated a narrow resonant (or virtual) state 
just below the 2*S threshold. However, since the «3 
value —0.275 differs very little from the border 
value — 0.25, the present method would not be con­
venient for determining the position of the resonance, 
even if a position of a negative ion He~(2S) level, 
with 2*S parent state, were known (see e.g. Taylor
[14]). This can be seen from the formula which gives 
the ratio of successive bound state level separations 
from the threshold (see e.g. Gailitis and Damburg
[15])

EnjEn+1 =  exp (2 Ti/lm A),
A =  — 1/2 +  j /a - f  1/4 (13)

and which in our case yields: E nIEn+i =  5.7 • 1015. 
Hence, if a series of resonances above the 2XS thresh­
old does occur, no more than a single member could 
be detected (at Eo), the next one (E1) being prac­
tically at the very threshold.

The appearance of the unique complex A in the 
present calculations is to be compared with the e-H 
case, where complex values of A appear for I =  0,1,2. 
This is the direct consequence of the weaker cou-

I ay «2 <*3

0 2.275 0 -  0.275
1 6.103 2 -  0.103
2 12.062 6 1.938
3 20.044 12 5.955
4 30.035 20 11.965
5 42.028 30 19.972

Table 2. Elements of 
the diagonal matrix 
ä =  A(A+ 1) for the 
e-He(21L) system.



pling between well separated 2*S and 2*P helium 
sublevels (zle^0.6eV ). It is of interest at this 
point to present ratios of relevant V matrix ele­
ments on one hand, and corresponding energy ma­
trix elements on the other hand, for the sake of 
comparison, as is done in Table 3. As can be seen 
by comparing the second and third columns of 
Table 3, method (i) from Section II is not applicable 
for 1 =  0, 1, whereas approach (ii) for the same val­
ues makes sense, but is very crude. On the other 
hand, method (i) should yield better results for 
Z> 3, than approach (ii).

Now, in calculating partial-wave cross sections 
we must distinguish two cases: 1 =  0 and Z>0. The 
reason for singling out 1 =  0 partial-wave is two­
fold. First, since there appears in this case a com­
plex A, an application of the quasi exact resonance 
procedure, as described in I, would require knowl­
edge of the energy of He~(22S) with 2*S parent 
state. Second, for l2 =  0, and this comprises half of 
the 1 =  0 channels, the inner region is important, 
and an extrapolation of the asymptotic form of di­
pole potential to this part of the r-variable would 
be an oversimplification. We adopt, therefore, the 
matching procedure, as described in II.3 (i) (see, 
also, Appendix). Hence, for 1 =  0 (inner region) we 
fit the parameters a, b, c and p in (5) and (6) to the 
numerical points (see Figure 1). The resulting poten­
tial matrix is given in Table 4. As can be seen from 
Fig. 1, the analytical values of F13 deviate from 
the actual ones considerably only for r sS0.06ao, as 
indicated in more detail in the insert, but this 
divergency in the near-zero behaviour, being limited 
to the small part around the nucleus, should not

Table 3. Ratios of diagonal to off-diagonal elements for V 
and A matrices, respectively.
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' I Vu j min/| Vi] I max | ^ii | min/| di] | max

0 0 1.23
1 0 2.02
2 3.28 4.00
3 10.00 5.39
4 20.34 7.14
5 34.38 10.00

Table 4. Symmetrical matrix r2 Fy for I =  0.

-0.59 0 3.43r2-63 exp ( - 2 r)
—0.19 0

-  2

135

r(a0)
Fig. 1. Potential matrix element Fi3(Z —0). Crosses (insert) 
are actual numerical values near the origin (see the text).

affect final results. As for the choice of ro, a 
proper value would be However, the neces­
sity for an analytical solution in the inner region 
dictated the adoption ro =  «o- Since for r< a o , 
|F « | >  j V{] j (i j), the system of equations de­
couples and an analytical solution is found (see 
Appendix). On the other hand, this choice results 
in an overestimation of the actual potential in the 
intermediate region (where in fact Vu ^  Vi], i j) 
by the extrapolated asymptotic dipole term (dashed 
curve in Figure 1). Nevertheless, we believe that 
this deviation is partly compensated by the presence 
of the accurate potential for r < a 0, where either 
Vi] ~  r~2 or Vi] =  const, as is usually assumed, 
would be surely an oversimplification.

In the case I >  0, the inner region is of minor im­
portance, except for the channel: 1=1, l2 =  l —1 
(i.e. l2 =  0), when the general assumption l2(l2~h 1) 
>  Vijr2, r< a o , is not satisfied. However, since this 
case represents only one third of all 1= 1 channels, 
and since the very inner region is assumed small 
enough, we believe that the treatment of this par­
ticular channel by the quasi exact resonance method 
should negligibly affect final results. Concerning 
higher-Z partial waves, a simple argument based on 
the classical trajectory model shows that, though 
12 =  1, 2, 3 electrons enter the atomic region 
(r\fiü5ao), within the impact energy region con­
sidered, one has for l2> 0 :  l2{l2-{-1) >  V^r2, and 
the actual form of the true potential is of no im­
portance here.

We have adopted the following values for the 
n =  2 sublevels [10]: e(2*S) =  — 2.1445 au and 
£(2XP) = —2.1225 au, with the sublevels separa-
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tion: J e  =  0.022 au. When all channels are open, 
one has k\2 =  qAe, k%2 =  &32 =  — where q is 
always taken to be greater than unity.

The diagonal matrix A' is energy-dependent, as 
different from (off-diagonal) elements of A". There­
fore, as q increases, the ratio | A'n\l\ A^ | increases, 
too, and so does the accuracy of the procedure em­
ployed. Numerical results indicate good accuracy 
already for q =  2 and for large I-values even for 
q <  2.

The partial cross sections are calculated by the 
standard formula [16]

and summing up to 1 =  50, the total cross sections 
Q{i-+j) are finally computed within the impact 
energy region 1 <  E <  4 eV. The lower energy limit 
is determined by (11), whereas the upper limit is 
dictated by the requirement: kr 1 (see Appendix). 
The calculated S matrix does not appear completely 
symmetric in our calculations. Generally, those ele­
ments connecting degenerate channels possess the 
required symmetry, but the other ones turned out 
to be asymmetric. The asymmetry decreases as one 
moves from the threshold. As for the unitarity con­
dition, it is fulfilled within 99%, as a test for Z =  1 
has shown. I t should be noted that the asymmetry 
does not show up in the computed cross sections. 
Besides, since it is diagonal elements that contribute 
to the half-width and shift of a spectral line, the 
Stark broadening is also insensitive to this break of 
$-matrix symmetry.

I I I . l .  Q(2iS->2iS) Cross Section
In Fig. 2 our results for the elastic scattering on 

the singlet metastable helium are presented, to­
gether with other theoretical and experimental data. 
The partial sum turned out to converge rapidly, 
with an asymptotic behaviour of Qi from (14) 
Qi ~  (as in case of complete degeneracy [15]), 
with an analytically calculated residual term for 
Z >  50 being negligible. As seen from Fig. 2, with 
the exception of the close coupling results [10], there 
is a general agreement in shape with the other 
theoretical results and the experimental data. It 
should be noted that both the distorted-wave results 
[18] and experimental points are likely to have 
overestimated actual values, the first in the lower 
region (neglect of the exchange) and the second in

800
----present calculations
----Husain et at. [18]
--- Burke et al. [10]
----Berrington et al.[17]
----Oberoi and Nesbet [20]
□ Wilson and Williams [19]

1 2  3 4
ELECTRON ENERGY (eV)

Fig. 2. Elastic cross section Q(21S-21S). □ : Experimental 
points — total cross section.

the higher region, where inelastic processes have 
surely contributed to the values measured [19]. Note 
also the good agreement with the close-coupling 
results in the higher energy region. The broad maxi­
mum at E ^  1.25 eV of the close-coupling curve is 
due to D-wave resonance, which appears also on 
both matrix-variational [20] and i?-matrix [17] re­
sults below 1 eV. Since this feature is due to a com­
bined effect of the centrifugal barrier and polariza­
tion potential of 2*S state, our method cannot re­
produce this shape resonance.

111.2. £ (2 iP ^ 2 iP )  Cross Section
The partial sum converges more slowly than in 

case of Q(21S->21S), with ^ (2 iP -> 2 iP ) ~  
l->  oo, again as it Avas the case with the exact 
resonance theory. The results are shown in Figure 3. 
As can be seen in the figure, the matrix-variational 
calculations provide the smallest values, probably 
due to the restricted number of partial waves in­
cluded. Again, the close-coupling results are close 
to ours in the higher energy region, whereas in the 
1 eV vicinity our values are considerably higher. 
No experiment al measurements of this cross section 
are reported up to now, to our knowledge.

111.3. 2*S -» 2*P Transition Partial Cross Sections
In case of this inelastic transition the partial cross 

sections behave as Q;(21S-»21P) ~ 1/Z, l-> oo, al­
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Fig. 3. Elastic cross section Q(21P-21P). Curves as in 
Figure 2.

though the degeneracy has been removed in the 
present case. Partial cross sections at E =  3 eV are 
shown in Fig. 4, together with values computed by 
making use of the Born approximation according to 
Seaton's formula [21]. As can be seen from Fig. 4, 
although the values of the partial cross section drop

Fig. 4. Inelastic Qi (21S-21P) partial cross sections.

quickly in the interval 1 — 10, it goes down progres­
sively more slowly afterwards, assuming the power 
law a l f o r  lev 50*. Born approximation cross 
sections have been computed for other impact en­
ergies, too, but we are not presenting them here. 
First, the theoretical results disagree greatly in this 
case (see Ref. [17]), and the Born approximation, 
on the other hand, surely is not competitive in this 
energy region. Second, as far as we know, no ex­
perimental data have been published for this tran­
sition, although measurements should be feasible 
with the present experimental technique.

I t is to be noted that the lack of convergence is 
not critical as far as the Stark broadening quantum 
theory is concerned, since one cuts off the sum­
mation at some I =  lmax corresponding to the Debye 
radius of the plasma (see, e.g., [22]). Nevertheless, 
the reappearence of this drawback of the exact reso­
nance method must be regarded as a serious defect 
within present approximation and is to be overcome.

IV. Discussion

The principal aim of the presented calculations 
has been to test the accuracy of the analytical meth­
od of the quasi resonant case, for an electron-excited 
atom scattering, as proposed in Reference [I]. The 
choice of e-He(21L) scattering has turned out to be 
both advantageous and disadvantageous for that 
matter. As mentioned before, there is no reliable 
evidence for the existence of the He_(22S) bound 
state, so that we have not been able to make use 
of the relevant formula from I for complex A, which 
appeared for 1 =  0. On the other hand, the existence 
of elaborate calculations via the close coupling ap­
proximation [10], made a comparison with these 
numerical calculations possible. Since in the present 
calculations we have closely followed the setup of 
the scattering problem from [10], it is in order to 
discuss in somewhat more detail similarities and 
differences in our formal approaches. In [10], two 
separate sets of equations were solved, one com­
prising n =  1, 2, the other n =  2 helium states. Our 
calculations correspond to a part of the second set, 
since we have neglected completely the n =  2 triplet 
states. However, as the results from [10] show, the 
coupling with n =  1 and 23LS states is very weak, so

* We are indebted to the referee for drawing our atten­
tion to the convergence problem.
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that our restricted model may be expected to pro­
vide reasonable results, as the present calculations 
show. Further, we have used somewhat more re­
fined wave functions for He states [13], than those 
employed in [10], but with the same energy levels, 
what might have caused a major part of the dis­
agreements.

The appearance of the complex A seems to indi­
cate the existence of a resonant (or virtual) state 
in the close vicinity of the 2*S threshold. The eigen- 
phase analysis in [10] (and in [17], too) points also 
in that direction, but no definite statement about 
the actual nature of an eventual singularity can be 
made at present. Since we have obtained a small 
value for the imaginary part of A ( =  0.173), which 
is rather sensitive to the choice of the atomic wave 
functions, it would be pretentious to make use of 
the calculated value in predicting the ratio of the 
relative positions of eventual maxima (minima) of 
the cross sections. Moreover, because of the con­
dition | Ee — Eth | >  Aeis (^ 0 .6  eV), not more than 
a single maximum (minimum) in the cross sections 
is to be expected, if the calculated value of Im (A) 
is of the correct order of magnitude. It should be 
noted here that the appearance of the complex A 
concerns all scattering channels comprised (with 
1 =  0), since its imaginary part is redistributed via 
(10) to all ^-matrix elements.

In conclusion, we think the present calculations 
show that the previously proposed quasi exact reso­
nance method may be used, in the relevant energy 
region, as reasonable approximate analytical pro­
cedure for calculating the § matrix for the electron- 
excited atom scattering.
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Appendix

Matching Procedure for 1 =  0 Partial Wave
A particular solution of Eq. (9) can be written in 

terms of Bessel functions J a(Q) and Lagrange con­
stants Cj(r):

F f ^ C W f r J ^ i h r )
+  C i( r ) f r J _ qi_ ll2(ki r ), (Al)

where i denotes a scattering channel. In our case 
the indices of Bessel functions assume the values

. . .  (zx +  I/4, k =  0, 
!" + 1 /2  =  {(2 +  l/2 , h >  0, <A2)

where pi is defined by the model potential Vu =  ptr~2 
in the inner region. In a standard manner the prob­
lem of evaluating C^(r) reduces to evaluating an 
integral of the type

/  =  Jd r r« exp { - ß r ) J s (far) J t {ktr ) . (A3) 
o

With our choice: ro =  ao, one has fa r 1 within the 
integration interval, so that Bessel functions may 
be approximated by their first terms of power series 
and the integral is reduced to the analytically trac­
table form

_______1______
" 1 2  j / >  +  i)r(«  +  i)

ro
■ J d rra+«+<exp( — ß r ) . (A4)
o

In the external region the solution is formally the 
same, with the r-dependent Cj1 coefficients replaced 
by the constants Dj1. Then, from the continuity and 
boundary conditions at the origin (regularity) and 
in the asymptotic region, the unknown coefficients 
Djl, and from them the scattering matrix elements 
are deduced.
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